Abstract: We revise two regularization mechanisms for Lovelock gravity with AdS asymptotics. The first one corresponds to the Dirichlet counterterm method, where local functionals of the boundary metric are added to the bulk action on top of a Gibbons-Hawking-Myers term that defines the Dirichlet problem in gravity. The generalized Gibbons-Hawking term can be found in any Lovelock theory following the Myers' procedure to achieve a well-posed action principle for a Dirichlet boundary condition on the metric, which is proved to be equivalent to the Hamiltonian formulation for a radial foliation of spacetime. In turn, a closed expression for the Dirichlet counterterms does not exist for a generic Lovelock gravity. The second method supplements the bulk action with boundary terms which depend on the extrinsic curvature (Kounterterms), and whose explicit form is independent of the particular theory considered. In this paper, we use Dimensionally Continued AdS Gravity (Chern-Simons-AdS in odd and Born-Infeld-AdS in even dimensions) as a toy model to perform the first explicit comparison between both regularization prescriptions. This can be done thanks to the fact that, in this theory, the Dirichlet counterterms can be readily integrated out from the divergent part of the Dirichlet variation of the action. The agreement between both procedures at the level of the boundary terms suggests the existence of a general property of any Lovelock-AdS gravity: intrinsic counterterms are generated as the difference between the Kounterterm series and the corresponding GibbonsHawking-Myers term.
Introduction
Lovelock gravity [1] has recently attracted great interest in theoretical physics as highercurvature terms have been shown to appear in the low-energy limit of String Theory as corrections to Einstein-Hilbert action.
Lovelock gravity in D = d + 1 dimensions is described by the action
where I (p) corresponds to the dimensional continuations of p-dimensional Euler density, i.e.,
that carries an arbitrary weight factor α p and κ is a gravitational constant. The vielbein e A = e A µ dx µ is related to the spacetime metric by G µν = η AB e A µ e B ν , andR AB = dω AB + ω AC ω B C is the Lorentz curvature associated to the spin connection 1-form ω AB = ω AB µ dx µ . The curvature 2-form can be expressed in terms of the spacetime Riemann tensor asR AB =
2R
αβ µν e A α e B β dx µ dx ν . The sets {A, B, . . .} and {µ, ν, . . .} label tangent space and spacetime indices, respectively. The tensorial equivalence of the action I (p) reads
where the totally-antisymmetric Kronecker delta and its properties are given in Appendix A. Because the action I is a linear combination of all dimensionally continued lowerdimensional Euler densities, the derived equations of motion are at most of second order in the metric, what frees this theory from ghosts when expanded around a flat background [2] . General covariance, together with second-order field equations, are the basic features of General Relativity generalized by Lovelock gravity to higher dimensions. The theory also possesses exact solutions describing black holes [3] , whose thermodynamic behavior resembles the one of Einstein-Hilbert black holes with a modified entropy that is no longer proportional to the horizon's area [4] . Further physical input is in general required to select sensible theories among Lovelock gravities (1.1). For instance, a series of inequivalent gravity actions has been presented in [5] , demanding the existence of a unique anti-de Sitter (AdS) vacuum. In particular, ChernSimons-AdS gravity in odd dimensions [6] and Born-Infeld-AdS gravity in even dimensions -often collectively referred to as Dimensionally Continued Gravity [7] -, feature a symmetry enhancement from local Lorentz to AdS group, that leaves the gravitational constant κ and the AdS radius ℓ as the only free parameters in the theory.
As in standard gravity, Lovelock action with cosmological constant is divergent in the infrared region and needs to be regularized. In the AdS/CFT approach [8] to the regularization problem, the finiteness of Einstein-Hilbert action is achieved by the procedure known as holographic renormalization [9, 10, 11, 12] . For a fixed boundary data g (0)ij , this algorithm reconstructs the spacetime metric solving iteratively the field equations in the Fefferman-Graham frame [13] 
Here, g ij (x, ρ) is regular at the conformal boundary ρ = 0, so that it can be expanded in its vicinity as g ij (x, ρ) = g (0)ij (x) + ρ g (1)ij (x) + ρ 2 g (2)ij (x) + · · · . (1.5) This method results in the addition of boundary terms L ct to the bulk action (supplemented by the Gibbons-Hawking term [14] ), that are local functionals of the boundary metric h ij = g ij /ρ, the intrinsic curvature R ij kl (h) and its covariant derivative ∇ m R ij kl . This construction is known as Dirichlet counterterms procedure, what achieves a regularized action [15, 16] 
(1.6) In the above formula, K is the trace of the extrinsic curvature.
However, the intrinsic regularization defined by this method becomes technically involved in higher dimensions because of the forbidding complexity of the equations for the coefficients g (k) (1 ≤ k ≤ d 2 ) and the plethora of possible covariant counterterms one could construct on the boundary. For higher-curvature theories, holographic renormalization procedure would be even more cumbersome due to the highly non-linear behavior of the equations of motion. In fact, the regularization of quadratic curvature gravities has been carried out only in particular cases by adding covariant local counterterms that are not necessarily dictated by the holographic renormalization procedure [17] . For Einstein-Gauss-Bonnet AdS gravity (the particular quadratic combination of the curvature given by p = 2 in Eq.(1.1)), this approach provides the answer only for the five-dimensional case [18] . Thus, it still leaves the open question on the form of the counterterms in higher-dimensional Einstein-Gauss-Bonnet AdS, let alone in a generic Lovelock gravity. Furthermore, in Dimensionally Continued Gravity, the AdS vacuum is a zero of maximal degree in the field equations, such that the first non-trivial relation for the coefficients g (k) in (1.5) will just appear at much higher order in ρ than the linear one.
Whichever the explicit form of the counterterms L ct may be for Lovelock-AdS gravity, the action (1.6) has to be promoted to the form
such that the generalized Gibbons-Hawking term β d defines a variational principle for a Dirichlet boundary condition on the metric for the action I in Eq.(1.1), what is left unchanged by the addition of intrinsic counterterms. As we will shown in detail below, the on-shell variation of the first two terms in Eq.(1.7) adopts the canonical form δI = ∂M d d x π ij δh ij , where π ij corresponds to the momenta in a radial Hamiltonian formulation for Lovelock gravity. Therefore, the role of the counterterms L ct is cancelling the divergences in the canonical momenta, but it also means that the series should be obtained from the integration of the divergent part of the Hamiltonian variation in any gravity theory. This has been proved in Ref. [19] , and allowed to recover the counterterm series in the Einstein-Hilbert case from the action of the dilatations on the gravity fields expansion. Such strategy might also be applied to higher curvature theories but, in practice, such procedure for Lovelock gravity could be much more complicated. In view of the above arguments, it is quite remarkable that a universal regularization prescription for any Lovelock theory with AdS asymptotics can be provided using boundary terms with explicit dependence on the extrinsic curvature K ij , also known as Kounterterms series [20] 
Due to a profound connection to topological invariants (Euler term) and Chern-Simons forms, the explicit form of this series only distinguishes even from odd dimensions. The construction of the boundary terms B d does not make use of the expansion in the metric (1.5). Therefore, for a given dimension, the Kounterterms expression remains the same regardless the particular Lovelock gravity considered, even for Einstein-Hilbert [21, 22] and Einstein-Gauss-Bonnet theories [23] . Only the value of the coupling constant c d is consistently tuned to achieve a well-posed action principle in a given Lovelock-AdS theory.
The agreement between the proposal defined by Eq.(1.8) with the standard regularization method, has been found -when the latter exists at all-at the level of the conserved quantities and Euclidean action for asymptotically AdS (AAdS) solutions. In EinsteinHilbert gravity, a direct comparison between both procedures has been worked out in 2 + 1 dimensions, showing that the corresponding boundary prescriptions differs at most by a topological invariant [24] . For higher dimensions, attempting a similar strategy would be in general very involved and not particularly enlightening.
On the other hand, one might expect that further insight on this problem would come out from other Lovelock theories, especially in view of the fact that the form of B d is universal. But, unfortunately, in many cases there is no even a counterterms series L ct to compare with.
In this paper, we use Dimensionally Continued Gravity as a toy model to perform the first explicit comparison between the intrinsic and extrinsic regularization schemes in all dimensions. This is only due to the fact that, in this theory, the obtention of the Dirichlet counterterms from direct integration of the divergent terms in the variation of the action is remarkably simpler than in any other gravity theory.
This article is organized as follows. In the next section, we consider the Dirichlet problem for an arbitrary Lovelock gravity, where the addition of a generalized GibbonsHawking term defines a well-posed variational principle for a Dirichlet boundary condition on the metric. This procedure is shown to reproduce the Hamiltonian variation of the action for a radial foliation of the spacetime. In Section 3, for Dimensionally Continued Gravity, the series L ct is obtained as a total variation of local terms in the Dirichlet problem of the action. In Section 4, we briefly review the Kounterterms construction for LovelockAdS, specialized for Dimensionally Continued Gravity. Finally, we show that the Dirichlet counterterms are generated simply taking the difference between the Kounterterms series c d B d and the generalized Gibbons-Hawking term κβ d .
Dirichlet problem in Lovelock gravity
In general, a well-defined action principle for gravity considers supplementing the bulk Lagrangian by appropriate boundary terms such that the on-shell action is stationary. This means that the surface terms coming from an arbitrary variation of the action must be cancelled by choosing suitable boundary conditions. The Dirichlet problem for gravity consists in setting a well-posed action principle by imposing a Dirichlet boundary condition on the metric. For Einstein-Hilbert case, this is achieved by adding the Gibbons-Hawking boundary term [14] to the bulk action. The systematic construction of boundary terms that defines the Dirichlet problem in Lovelock gravity was carried out by Myers in Ref. [25] .
Let us briefly review this formalism. The Einstein-Hilbert term (that corresponds to p = 1 in (1.3)),
can be written as the dimensional continuation of the 2-dimensional Euler term E 2 = ε ABR AB , which is a topological invariant. The variation of I (1) contributes to the equations of motion and produces a surface term
In the vicinity of the boundary, we take Gaussian (normal) coordinates
and the corresponding local orthonormal frame
with a splitting of the indices A = (1, a) for the tangent space and µ = (ρ, i) for the spacetime. When torsion vanishes, the spin connection on ∂M D is
where K ij is the extrinsic curvature, that in the frame (2.3) becomes
In this coordinate system, the variation (2.2) adopts the form
where the Levi-Civita tensor at the boundary is defined by ε 1a 1 ···a d = −ε a 1 ···a d . The above surface term contains the variation of the extrinsic curvature that must be eliminated in the Dirichlet problem. On the other hand, the integration of E 2 over a two-dimensional manifold without boundary is proportional to the Euler characteristic χ(M 2 ). When a boundary is introduced, the Euler theorem assigns a boundary correction given by
Here θ AB = ω AB −ω AB stands for the Second Fundamental Form, i.e., the difference between the dynamic field and a reference spin connection that recovers Lorentz covariance at the boundary. It is common to takeω AB as the spin connection from a product metric that matches the geometry at the boundary, such that
i.e., only normal components of the Second Fundamental Form are non-vanishing at the boundary [26, 27, 28] . From the dynamical point of view, variations of both sides of Eq.(2.8) produce ε AB δω AB at the boundary.
Thus, in order to cancel the term (2.2) (or equivalently (2.7)), we dimensionally continue the boundary term in Eq.(2.8), and obtain the Gibbons-Hawking term
Indeed, the variation of I
(1)
has a suitable form to impose the Dirichlet boundary condition on the metric h ij . In dimensions D ≥ 5, the Gauss-Bonnet term (the second order term in the Lovelock series) 13) contributes to the bulk dynamics. In order to set the Dirichlet problem for this term, one has to consider the Euler theorem in four dimensions, 14) where
is the intrinsic curvature and R 1a = 0. The dimensional continuation of the second Chern form (i.e., the boundary correction to the Euler characteristic in (2.14)) is [25, 29] 15) such that the corresponding Dirichlet variation is
We have used the Gauss-Codazzi relations at the boundarŷ 20) where
are covariant derivatives with respect to the spin connection and Christoffel symbol, respectively. For arbitrary p, the generalized Gibbons-Hawking term is 22) or in tensorial notation
It is worthwhile noticing that the procedure of dimensional continuation of a given Chern form to define the Dirichlet problem in Lovelock gravity does not work in spacetimes with torsion (Riemann-Cartan theory). The Dirichlet variation for the p-th term of Lovelock series takes the form
As a consequence, the Lovelock action set for the Dirichlet problem is 25) where the boundary term is given by
Finally, the variation of the Dirichlet action can be written as
The parametric integration can be performed explicitly, and using the relation between spacetime and induced Riemann tensors (2.19) produces
It is clear from the last line that the Dirichlet variation agrees with the variation of the action in the Hamiltonian formulation of Lovelock gravity [30] for the radial foliation of spacetime considered in [31] , 28) where the canonical momenta have the form 30) and the coefficients C s(p) are given by
In the Lagrangian formalism, the variation of the action with respect to the metric defines a quasilocal (boundary) stress tensor [32] , that can be therefore identified with the canonical momenta in Hamiltonian formalism. The above relations are also useful to study the generalized Israel junction conditions for branes in Lovelock gravity, as the discontinuity in the canonical momenta, and where the boundary is the brane itself [33] (for the Einstein-Gauss-Bonnet case, see [35, 34] ).
In Lovelock gravity with negative cosmological constant both the action and the stress tensor (or, equivalently, the canonical momenta) are in general divergent. Therefore, the regularization problem requires the addition of local counterterms, such that their inclusion does not spoil the action principle based on a Dirichlet boundary condition on the metric. For a given Lovelock-AdS theory, there is no a systematic way to generate the counterterms series, and even in the EH case it not possible to provide a closed form for L ct . However, as shown in Ref. [19] , assuming AdS asymptotics, the divergent part of the radial canonical momenta is linked to the divergent part of the on-shell Lagrangian. The Hamilton-Jacobi relations imply that the normalizable modes of the fields expansion do not produce additional divergences and thus, the counterterms are always local. This argument opens the possibility of obtaining the Dirichlet counterterms from direct integration of the divergent parts of the Hamiltonian variation. This procedure can be performed for Chern-Simons-AdS gravity which, on the contrary to the Einstein-Hilbert case, produces a closed form for the Dirichlet counterterms (and conformal anomaly) for all odd dimensions [31] . We shall show below that the same method can be carried out (using either Hamiltonian or Lagrangian formulation) in another Lovelock theory (Born-Infeld-AdS), which can be regarded the even-dimensional counterpart of Chern-Simons-AdS, because global AdS spacetime is also a solution of maximal rank in the equations of motion.
Dirichlet counterterms
Let us briefly review the construction of Dirichlet counterterms for Chern-Simons-AdS gravity discussed in [31] .
Chern-Simons-AdS
Chern-Simons gravity was first considered in [6] in five dimensions and in higher odd dimensions in [36, 37] .
Unlike in three dimensions, higher-dimensional Chern-Simons gravity is not topological, but possesses propagating degrees of freedom [38] which number may vary from a sector to another in the phase space [39] . When the number of degrees of freedom is fewer than maximal, it is said that the sector is irregular [39] . The AdS space in pure Chern-Simons gravity is an example of such an irregular solution, and in its vicinity gravity becomes topological. However, the AdS vacuum can also be stable, as it was shown in five-dimensional Chern-Simons-AdS supergravity [40] .
In Chern-Simons-AdS gravity, the Lagrangian comes from a Chern-Simons density for the group SO(2n, 2) in D = 2n + 1 dimensions, and corresponds to the particular choice of the coefficients α p
that allows the action to be rewritten as an integration over the continuous parameter t ,
2)
The field equations following from the above action are
From now on, we set the AdS radius ℓ = 1. In order to cast the variation of the action into the form (2.28), we supplement the bulk action with the corresponding Gibbons-Hawking-Myers term
Therefore, the variation of the action for the Dirichlet problem I Dir = I 2n+1 +κ ∂M 2n+1 d 2n xβ 2n is given by the expression
As we had mentioned above, this variation also defines the quasilocal stress tensor T i j (h) . In order to identify divergences and finite part of this expression, we use the FeffermanGraham form of the metric
where the rescaled metric g ij is given in (1.5) and k i j = g ik ∂ ρ g kj are regular at the conformal boundary. Any AAdS metric can be brought into this form near ρ = 0. Other useful relations are
It can be shown that, on the boundary, the divergent terms in (3.5) do not depend on 11) so that they can be integrated out as local functions of the boundary metric h ij . These terms must be put back into the original action, with the opposite sign, playing the role of Dirichlet counterterms L 2n , 12) such that the total action
is regularized. The finite part in the Dirichlet variation (3.11) when ρ → 0 produces a regularized stress tensor, 14) which is related to the quasilocal stress tensor T i j (h) as 15) and takes the form
16) The trace of the above stress tensor leads to a Weyl anomaly proportional to the Euler density in any d = 2n dimension (type A) [31, 41] . A regularization mechanism for fivedimensional Chern-Simons-AdS gravity with Dirichlet boundary conditions, that defines a stress tensor in Riemann-Cartan spacetimes was considered in Ref. [42] .
In an arbitrary Lovelock gravity, the procedure of integrating out the divergent pieces as local counterterms would be more intricate because, in general, the power series in ρ would contain k i j , and it would be necessary to prove explicitly that there are no non-local contributions. In the Chern-Simons-AdS case, the symmetry enhancement of the theory seems to be responsible for the simple obtention of the counterterms series.
Born-Infeld-AdS
Born-Infeld gravity in even dimensions (D = 2n) corresponds to the coefficients set
that allows the action to be written in the form
using the identity (A.3) from Appendix A. The equations of motion derived from this action are
The generalized Gibbons-Hawking term in this case is 20) and the variation of the Dirichlet action I Dir 2n = I 2n + κ ∂M 2n d 2n−1 x β 2n−1 is given by the expression
Using the Fefferman-Graham form of the metric, in the limit ρ → 0, we find that the divergent terms in δI Dir 2n do not depend on k i j until order ρ −3/2 ,
Again, they can be integrated out as local functions of the boundary metric
and should be added to the original Dirichlet action as divergent counterterms
What is left at the boundary, after the regularization with the Dirichlet counterterms (3.23)
defines a finite stress tensor for Born-Infeld-AdS gravity, that does not provide the correct conserved quantities for static black hole solutions found in [7] . In the corresponding section below, it is shown that the difference respect a stress tensor obtained from the extrinsic regularization of the action (1.8) is at most a finite contribution.
Kounterterms
In the standard Dirichlet formulation of AdS gravity, the counterterms introduced to regularize the action are covariant functionals of the boundary metric, the intrinsic curvature and covariant derivatives of the intrinsic curvature. When varied, they preserve a Dirichlet boundary condition for the metric.
On the other hand, it has been recently introduced an alternative regularization procedure that consists in addition of boundary terms that contain explicit dependence on the extrinsic curvature K ij (Kounterterms). This choice necessarily modifies the boundary conditions required to attain a well-posed action principle. In particular, the surface term coming from the on-shell variation of the action will contain variations of the extrinsic curvature that are usually cancelled by a generalized Gibbons-Hawking term in the Dirichlet formulation of gravity.
Chern-Simons-AdS
A boundary term that regularizes the action for Chern-Simons-AdS gravity was constructed in Ref. [43] , based on a well-posed action principle where the extrinsic curvature is kept fixed at the boundary. It was further clarified in [24] that this boundary condition arises naturally from the asymptotic form of the fields in Fefferman-Graham expansion. As a consequence, this condition is suitable to treat the variational problem in a large set of gravity theories that support AAdS solutions. The corresponding boundary term B 2n that regulates the conserved quantities and Euclidean action in Chern-Simons-AdS gravity, provides also the correct answer for Einstein-Hilbert case [22, 44] , Einstein-Gauss-Bonnet gravity [23] and a generic Lovelock-AdS theory [20] .
We consider the Chern-Simons-AdS action in 2n + 1 dimensions,
supplemented by a boundary term B 2n , 2) or in a tensorial notation,
where the coupling constant takes the value c 2n = κ. The explicit expression of the above boundary term can also be worked out from an extension of a Chern-Simons density (called Transgression Form) for the AdS group. This mathematical structure introduces an additional gauge connection in the same homotopy class, such that the full action is truly gauge-invariant [45] .
The on-shell variation of the complete action (4.1) produces the surface term 4) that, written in terms of tensors, becomes
.
(4.5)
For an AAdS spacetime, the metric expansion (1.5) implies 6) where the indices are lowered and raised by g (0)ij . So, we will consider the condition
such that δK on the boundary, to cancel identically the different terms in the variation δI 2n+1 [24] .
It can be proved that the boundary term (4.3) renders the Euclidean action finite and recovers the correct black hole thermodynamics for static Chern-Simons-AdS solutions [7] . In addition, the conserved quantities can be constructed as Noether charges associated to asymptotic symmetries. However, it is clear from Eq.(4.5) that this action does not lend itself to a clear definition of a boundary stress tensor, as its variation contains pieces along δK i j that are usually cancelled by a generalized Gibbons-Hawking term. This might make difficult the holographic interpretation of this method in the light of the AdS/CFT correspondence, where the boundary metric is kept fixed at the boundary.
Because of the delicate point mentioned above, a note of caution is in order here. The Dirichlet problem, defined as in Section 2, does not really make sense for manifolds that are endowed with a conformal boundary, as it is the case of AAdS spacetimes. Indeed, the leading order of the expansion (1.5) for the boundary metric h ij = g ij /ρ makes a Dirichlet condition inappropriate for the variational problem because of the divergence at ρ = 0. Thus, one should fix the conformal structure g (0)ij instead, and consider the addition of boundary terms to cancel the divergences at the conformal boundary. It has been argued in [19] that these boundary terms are indeed the Dirichlet counterterms, required originally by the regularization problem. This reasoning reflects an interesting connection between the boundary terms needed for a well-defined variation of the action and those that produce the action regularization. It also resembles on the regularization scheme given by Eq. (1.8) , where the interplay between the variational principle and the regularization problem is encoded in a single boundary term B d .
The boundary condition (4.7) and its corresponding variation simply correspond to the regular form of the Dirichlet condition on g (0)ij . This is a consequence of the fact that, in AAdS spacetimes, the leading order in Fefferman-Graham expansion for both the extrinsic curvature K ij and the boundary metric h ij /ℓ agree, what is no longer true in the flat limit ℓ → ∞. By selecting regular boundary conditions at ρ = 0, one can be certain that no additional divergences are introduced and, therefore, no extra counterterms are required on top of the series (4.3). The compatibility of this approach with keeping fixed g (0)ij , together with the finiteness of the variation of the action, strongly suggests that the holographic reconstruction of the spacetime is already built-in in the Kounterterms series.
In what follows, we combine both the intrinsic and the extrinsic regularization mechanisms, in order to identify the Dirichlet counterterms as the difference between the Kounterterms B 2n and the generalized Gibbons-Hawking term β 2n . First, we illustrate this procedure in the five-dimensional case, where the action is
with
Now, let us simply insert the generalized Gibbons-Hawking term β 4 in a convenient manner, 11) such that the first two terms correspond to the Dirichlet action I Dir 5 and will produce the finite stress tensor studied in Ref. [31] , plus two divergent terms
(4.12) Then, we compute the difference (B 4 − β 4 ) as 13) and expanding the extrinsic curvature K j i in the radial coordinate, we realize that in the above relation, the divergent pieces do not depend on k j i . The different contributions can be finally seen as the local counterterms necessary to cancel the divergent terms in Eq.(4.12), that is,
14)
The O(1) part left over at the boundary in the above difference, 15) corresponds to the Euler-Gauss-Bonnet invariant in four dimensions plus a finite counterterm that does not contribute to the trace anomaly. (In the last line, the equation of motion (3.3), E ρ ρ = 0, was used.) This expression involves k (0)ij = g (1)ij , whose local piece has a universal form in terms of the Ricci tensor R (0)ij for any gravity theory with quadratic couplings in the curvature [46] (except for Chern-Simons [41] ). Then, in general, this term will give rise to a quadratic combination of the curvature R ij (0)kl . This ambiguity is even present in five-dimensional Einstein-Hilbert gravity, where one can always add to the action quadratic terms in the curvature R ij kl (h) as scheme-dependent, finite counterterms that do not modify the Weyl anomaly [15] .
The same trick can be done in higher odd dimensions, such that,
where
In the expansion of the extrinsic curvature K i j = δ i j − ρk i j for the above expression, the divergent terms never contain k i j . Then, k i j is only present in the finite piece and terms that vanish as ρ → 0. More explicitly, the expansion in D = 7 and D = 9 reads
up to a finite term of the type (4.15). The above examples show the agreement with the counterterms obtained from the direct integration of Dirichlet variation, Eq.(3.12). Due to the lack of dependence on k i j , we might take directly k i j = 0 into the general expression for the counterterms (4.18), to find explicitly the terms in the Lovelock-type series 19) where the coefficients are evaluated as
In summary, the difference between the Kounterterms B 2n and the generalized GibbonsHawking term β 2n depends on K i j and might be even non-local. But, surprisingly, this procedure generates the series of local Dirichlet counterterms (3.12).
Born-Infeld-AdS
A mechanism to regularize the conserved quantities in Born-Infeld-AdS gravity in D = 2n was discussed in Ref. [47] , where it was proposed to add the 2n-dimensional Euler term
to the bulk action (3.18) . This is a topological invariant that does not modify the field equations but gives a non-trivial contribution to the Noether current. The coupling constant in front of E 2n is adjusted proceeding in the following way: let us consider the action I 2n + α M 2n E 2n (α is an arbitrary coupling constant) whose on-shell variation produces the surface term
Therefore, demanding the spacetime to be asymptotically locally AdS, i.e.,
[µν] (4.23) at the boundary, the action is stationary on-shell only if α = κ. This comes as a natural generalization of a strategy used for Einstein-Hilbert-AdS in any even dimension [47, 48] . In this way, the total action is
that takes the more compact form (ℓ = 1)
For the purpose of comparison with the Dirichlet counterterms, it is convenient to use the Euler theorem 26) to obtain the equivalence to a Kounterterms series, that is, a boundary term that depends on the extrinsic curvature K i j and that is given by [21] 27) with a coupling constant c 2n−1 = κ. Performing a similar procedure as in the Chern-Simons case, we add and subtract the generalized Gibbons-Hawking term into the action 28) in order to identify the divergent parts,
The first term in the above expression corresponds to the Dirichlet action, and the second part can be cast into the parametric integration 30) using the identity (A.3). Expanding the above formula using the relations (3.6-3.10) and the determinant of the boundary metric 31) we notice that the divergent terms do not depend on k i j . As a consequence, they can be computed by setting k i j = 0 and performing the integration in the parameter t, so that we have
where the coefficients are
They can be identified, up to O(ρ −3/2 ), with the Dirichlet counterterms (3.23),
In both Chern-Simons and Born-Infeld AdS gravities, if one considers flat-boundary spacetimes (R ij kl (h) = 0), the Dirichlet counterterms series (Eqs.(3.12) and (3.23), respectively) reduces to a single counterterm proportional to the induced volume of the boundary. Though this corresponds to a very particular case, this term is yet enough to regularize the conserved charges for horizonless extended solutions in these theories [49] .
The last term of the Eq.(4.33) contributes to the finite part of the stress tensor and, as it can be seen from the variation of the action (4.25) as 1 The corresponding conserved quantities are constructed assuming that the boundary submanifold can be foliated in time-like ADM form 36) with the coordinates x i = (t, ϕ m ) and defined by the time-like unit normal n i = (−N Σ , 0). The charges are then given as the integration on Σ (the boundary of spatial section) that is parametrized by ϕ m , 37) where σ denotes the determinant of the metric σ nm (that satisfies √ −h = N Σ √ σ) and ξ i is an asymptotic Killing vector. It can be verified, with the help of some of the identities extensively used above, that the conserved quantity (4.37) agrees with the charge obtained by the Noether theorem in differential forms language [47] , and provides the correct mass for Born-Infeld-AdS black holes [7, 50] . Expanding the form of Eq.(4.35), we notice that a finite stress tensor can be obtained multiplying T i j (h) by a suitable factor 38) and can be written as where only the first term in K i k = δ i k − ρk i k of the first line of Eq.(4.35) contributes to the stress tensor. Using the components E ρ ρ of the equations of motion (3.19) , one can prove that the trace of the above stress tensor, as expected, vanishes identically.
The first piece of the expression (4.39), (T i j ) Dir , can be read off from the variation of the Dirichlet action (3.25) . This argument shows the consistency between Dirichlet counterterms and Kounterterms also at the level of the regularized stress tensors, as they differ at most by a finite term.
Conclusions
In this paper, we have performed the first direct comparison between Dirichlet regularization of AdS gravity and Kounterterms prescription in two particular Lovelock theories that feature a symmetry enhancement. The remarkable agreement of the counterterms that produce the divergences cancellation in the action and stress tensor, indicates that a similar property should appear also in other Lovelock gravities with AdS asymptotics.
At this level, we simply conjecture that the Dirichlet counterterms in any Lovelock-AdS theory should be generated as the difference 2
though a final proof of it might be more involved than in the cases treated here.
A useful identity that has been employed in the paper involves the binomial expansion given in an integral form, 
